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Abstruct. We consider two kinds of algebras. First we describe the structure of
some subalgebras of basic self-injective Nakayama algebras and we give its projective
bimodule resolution. Next we give a projective bimodule resolution of an algebra $A=$
$K\Gamma/(f(X^{s}))$ , where $K\Gamma$ is the path algebra of a circular quiver $\Gamma$ with $s$ vertices over a
commutative ring $K,$ $f(x)$ is a monic polynomial over $K$ and $X$ is the sum of aU arrows.
Finally we compute the Hochschild cohomology group of $A$.
1
$K$ $s$ . $\Gamma$ $s$ vertex $e_{1},$ $\ldots,$ $e$, $s$ arrow
$a_{1},$ $\ldots,$ $a_{s}$ circular quiver (oriented cycle cyclic quiver ) .
, $1\leq i\leq s$ $a:=e_{i+1}a_{i}e_{i}$ path algebra $K\Gamma$ .
, $a_{\dot{*}}$ $ei$ $s$ .
$X$ $K\Gamma$ arrow : $X=a_{1}+\cdots+a,.$ $K$ basic
self-injective Nakayama algebra ([EH]):
$K\Gamma/(X^{k})=:B_{s}^{k}$ .
, $k\geq 2$ . [EH] , $B_{s}^{k}$ projective bimodule resolution
, Hochschild cohomology ring $\mathrm{H}\mathrm{H}^{*}(B_{s}^{k})$ . , [BLM],
[L] . , $B_{s}^{k}$ subalgebra , $K$ monic




$X$t subalgebra $B_{s}$ (t) : $B_{s}(t)=$
$K$ [e1, ... , $e_{s},$ $X$t]. $1\leq t<k$ . $B_{s}^{k}$ subalgebra $B_{s}^{k}$ (t) , $B_{s}(t)$ A
$K\Gammaarrow B_{s}^{k}\pi$ . , $i$ , $\pi$ .
$\mathrm{K}\mathrm{e}\mathrm{r}\pi i=B_{s}(t)\cap(X^{k})$ , $B_{\delta}^{k}(t)\simeq B_{s}(t)/B_{s}(t)\cap(X^{k})$ . $B_{s}^{k}(1)=B_{s}^{k}$




, 4 , $K$ monic $f$ (x) , $A:=K\Gamma/$ ( $f$ (Xs))
2 projective bimodule resolution ( 3). 5 , $s\geq 2$
Hochschild cohomology group $\mathrm{H}\mathrm{H}^{t}$ (A) ( 4). , $K$ , $f(x)=$
$x^{m}(m\geq 1)$ , $A$ $B_{s}^{ms}$ . , $s=1$ , $A$ $K[x]/$ ( $f$ (x))
Holm 2 projective bimodule resolution , Hochschild
cohomology ring $\mathrm{H}\mathrm{H}^{*}(A)$ ([H]).
2 $B_{s}^{k}(t)$
$K$ , $s,$ $k$ $s\geq 1,$ $k$ \geq 2 . $t$ $1\leq t<k$
, $q$ $r(0\leq r<t)$ $k=qt+r$ . , $\mathrm{r}\neq 0$
$B,\mathit{0})\cap(X^{k})$ $=B_{s}(t)\cap(X^{(q+1)t})$ $B_{\mathit{8}}^{k}(t)\simeq B_{s}^{(q+1)t}$ (t) . $k$ $t$
: $k=qt(q\geq 2)$ . $s$ $t$ $d$ ,
$s=s’d,$ $t=dd$ ‘
2.1
(i) $\{X^{nt}e:+xt|0\leq n<q, 1\leq i\leq d, 0\leq x<s’\}$ B (t) K- .
(ii) $\{X^{nd}e_{\dot{*}+xd}|0\leq n<q, 1\leq i\leq d,0\leq x<s’\}$ $B_{s}^{qd}$ (d) K- .
, $B_{s}^{qt}$ (t) $B_{s}^{qd}$ (d) vertex arrow $B_{s}^{qd}$ (d) idempotent $f:$ ,
arrow $\mathrm{Y}$ .
2.1
$\Phi$ : $B_{s}^{qt}(t)arrow B_{s}^{qd}(d);X^{nt}e:+xt-\mathrm{Y}^{nd}f_{i+xd}$
$(0\leq n<q, 1\leq i\leq d, 0\leq x<s’)$ .
.
2.2 $\Phi$ .




. , $A_{:}$ $B_{s}^{q}$, vertex arrow , $B_{s}^{q}$, vertex $g:$ ,
arrow $Z$ .
, :
$\Psi$ : $B_{s}^{q},$ $arrow Ai;$ $Z^{n}gx-\mathrm{Y}^{nd}f:+(x-1)d$ $(0\leq n<q, 1\leq x\leq s’)$ .
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2.3 $\Psi$ .
, (1), 2.2, 2.3 $B_{s}^{k}$ ( t) :
1 $s,$ $k,$ $t$ $s\geq 1,$ $k$ \geq 2, $1\leq t<k$ . $d$ $s$ $t$




3 $B_{s}^{k}$ (t) projective resolution
$s,$ $k,$ $t$ $s\geq 1,$ $k$ \geq 2, $1\leq t<k$ . [EH] $B_{s}^{k}$
projective resolution 1 , $B_{s}^{k}$ (t) projective bimodule resolution
. $B_{s}^{k}$ (t) projective bimodule resolution
.
$q$ $k/t\leq q$ . $B_{s}^{k}(t)$ ( $\simeq B_{s}^{qt}$ (t)) $B$ . , $\otimes_{K}$ $\otimes$
, $B$ $B\otimes B^{op}$ $B^{\epsilon}$ $B$ $\beta:Barrow B$ $e_{1}$. $\vdash+e_{i-1},$ $a:\vdash+$
$a:-1(1\leq i\leq s)$ . $B^{e}$- $Q_{0},$ $Q$ 1 $Q\mathrm{o}=\oplus_{=1}^{\underline{s}}Be_{i}\otimes e:B,$ $Q_{1}=$
$\oplus_{i=1}^{s}$ B +t\otimes eiB .
2 $B^{e}$- :
$0arrow 1B_{\beta^{-qt}}arrow^{\iota}Q_{1}arrow Q_{0}\psiarrow^{\pi}Barrow 0$ . (2)
, $\pi$ multiplication, $B^{e}$- # homomorphisms $\psi,$ $\iota$
$\psi(ei+t \otimes ei)$ $=e:+t(X^{t}\otimes 1-1\otimes X^{t})e_{i}$ ,
$\iota(e:)=e_{i}(\sum_{j=0}^{q-1}X^{qt-t-jt}\otimes X^{jt})e_{*-qt}$. $(1\leq i\leq s)$ .




. Left $B$-homomorphisms $h$-1: $Barrow Q_{0},$ $h_{0}$ : $Q_{0}arrow Q_{1},$ $h$1: $Q_{1}arrow B$
$h_{-1}(x)=x( \sum_{j=1}^{s}e_{j}\otimes ej)$ for $x\in B$ ,
$h_{0}(e_{i}\otimes X^{mt}e_{1-mt}.)=\{$
0if$m=0$,
-ei $( \sum_{j=0}^{m-1}X^{jt}\otimes X^{mt-jt-t})e:-mt$ if $1\leq m$ $<q,$
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$h_{1}(e_{i+t}\otimes X^{mt}e_{i-mt})=\{$
0if $0\leq m<q-1$ ,
$e_{i+t}$ if $m=q-1$ .
. , $\{h_{-1}, h0, h_{1}\}$ (2) contracting homotopy :
$\pi h-1=id_{B}$ , $h_{-1}\pi+\psi h\mathit{0}=idQ_{0}$ , $h_{0}\psi+\iota h_{1}=idQ_{1}$ , $h_{1}\kappa=id_{B}$ .
4 $K\Gamma/$ ($f$ (Xs)) projective resolution
$K$ , $\Gamma$ $s$ vertex $e1,$ $\ldots,$ $e_{s}$ $s$ arrow $a1,$ $\ldots,$ $a_{s}$
circular quiver . $X$ path algebra $K\Gamma$ arrow : $X=$
$a1+\cdots+a,.$ , path $X$ $ei$ 4‘ . ,
$e_{1}$
.
$p$ (\geq 1) path $X^{p}e_{i}$ ( $=a_{\dot{*}+p-1}\cdots a$i) .
$n$ , $f$ (x) $K$ $n$ monic : $f$ (x) $=x^{n}$
$\ovalbox{\tt\small REJECT}_{-1}x^{n-1}+\cdots+k_{1}x+k_{0}$ . $K\Gamma/$ ($f$ (X8)) $A$ . $A$ K-
$\{X^{j}e:|1\leq i\leq s, 0\leq j\leq ns-1\}$ , $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{K}A=ns^{2}$ .
, $A$ 2 projective bimodule resolution .
$A^{e}$-projective modules :
$P_{0}=\oplus^{s}A\mathrm{C}:\otimes eiA,$ $P_{1}=\oplus^{s}Ae_{i+1}\otimes e_{i}A$ .
$:=1$ $i=1$
, $A^{e}$-homomorphisms $\phi$ : $P_{1}arrow P_{0},$ $\kappa$ : $Aarrow P_{1}$
$\phi(ei+1 \otimes ei)$ $=e_{1+1}.(X\otimes 1-1\otimes X)e_{i}$ ,
$\kappa(ei)=e_{i}(\sum_{j=1}^{n}k_{j}(\iota\sum_{=0}^{js-1}X^{1}\otimes X^{js-l-1)})e_{i}$ for $1\leq i\leq s$
. $\pi:P_{0}arrow A$ multiplication .
3 $A^{e}$- :
$0arrow Aarrow^{\kappa}P_{1}arrow^{\emptyset}P_{0}arrow A\piarrow 0$. (3)
, $A$ 2 projective $A^{e}$-resolution :
$\ldots$
$arrow P_{1}arrow P_{0}arrow P_{1}d_{1}d_{0}arrow P_{0}arrow Ad_{1}\piarrow 0$. (4)
, $d_{1}=\phi,$ $d_{0}=\kappa\pi$ .
. Left $A$-homomorphisms $h$-1: $Aarrow P0,$ $h$0: $P_{0}arrow+P_{1},$ $h$1: $P_{1}arrow A$




$-e_{i}$ ($\sum_{j=0}^{m-1}X^{j}$ $-j-1$) $e_{i-m}$ if $1\leq m\leq ns-1$ ,
$h_{1}(e_{i+1}\otimes X^{m}e_{1-m}.)=\{$
0if $0\leq m\leq ns-\mathit{2}$ ,
$e_{j+1}$ if $m=ns-l$
. , $\{h_{-1}, h0, h_{1}\}$ (3) contracting homotopy :
$\pi h-1=id_{A}$ , $h_{-1}\pi+\phi h_{0}=id_{P_{0}}$ , $h_{0}\phi+\kappa h_{1}=idP_{1}$ , $h_{1}\kappa=id_{A}$ .
5 $K\Gamma/(f(X^{s}))\emptyset$ Hochschild cohomology group
projective $A^{e}$-resolution(4) , $s\geq 2$ $A=K\Gamma/$ ( $f$ (X$s$ ))
Hochsch $\mathrm{d}$ cohomology group $\mathrm{H}\mathrm{H}^{t}(A):=\mathrm{E}\mathrm{x}\mathrm{t}_{A^{\mathrm{e}}}^{t}(A, A)$ ($s=1$ [H]
).
$A$ $Z$ (A) . $t\geq 1$ , $\mathrm{H}\mathrm{o}\mathrm{m}A^{e}(Pt,A)$
Z(A\succ I : (zf)(y) $:=zf(y)$ ($z\in Z($A), $f\in \mathrm{H}\mathrm{o}\mathrm{m}A^{e}(P_{t},$ $A$), $y\in P_{t}$).
, $(fz)(y):=f(y)z$ ($z\in Z$ (A), $f\in \mathrm{H}\mathrm{o}\mathrm{m}A^{e}(P_{t},$ $A$), $y\in P_{t}$ ) $\mathrm{H}\mathrm{o}\mathrm{m}_{A^{\mathrm{e}}}(P_{t}, A)$
$Z(A)$- . , , $\mathrm{H}\mathrm{o}\mathrm{m}A^{\mathrm{e}}(Pt, A)$
Z(A) D . (4) 2 , $i\geq 1$ , Z(A\succ
$\mathrm{H}\mathrm{H}^{i+2}(A)\simeq \mathrm{H}\mathrm{H}^{j}$ (A) . , $i=0,1$ , $2$ $\mathrm{H}\mathrm{H}:(A)$
.
5.1 $Z(K\Gamma)=K$ [Xs] . , $Z(A)\simeq K$ [X$s$ ] $/$ ( $f$ (Xs))
. , ( $f$ (Xs)) $K$ [X\epsilon ] $f$ ( X\mbox{\boldmath $\theta$}) .
, $Z(A)\simeq K[x]/$ ( $f$ (x)) .
, Z(A) I
$\mathrm{H}\mathrm{o}\mathrm{m}A^{\mathrm{e}}(Ae_{i}\otimes e_{j}A, A)\simeq e_{\dot{*}}Ae_{j}$ ; $\phi\mapsto\phi(ei\otimes ej)$ for $1\leq i,j\leq s$
. , Z(A) D :
$u_{0}$ : $\mathrm{H}\mathrm{o}\mathrm{m}A^{e}(P_{0}, A)arrow\sim\oplus^{s}\mathrm{H}\mathrm{o}\mathrm{m}_{A^{e}}\dot{\iota}=1(Ae:\otimes e:A, A)arrow\sim\oplus_{1}^{\theta}e:Aei=$ ’
$u1$ : $\mathrm{H}\mathrm{o}\mathrm{m}A^{\mathrm{e}}(P_{1}, A)arrow\sim\oplus^{s}\mathrm{H}\mathrm{o}\mathrm{m}_{A^{\mathrm{e}}}(Ae_{*+1}.\otimes eiA, A)arrow\sim\oplus^{\epsilon}e:+1Ae:$ .
$:=1$ $:=1$
5.2 $1\leq p\leq s$ , $e_{p}Ae_{p}=Z$ (A)ep’ $e_{p+1}Ae_{p}=Z$(A)Xep .
, $e_{\mathrm{p}},$ $Xe_{p}$ free $Z(A)$- .
36
$u0,$ $u_{1},$ $d_{0},$ $d_{1}$ :
$0arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A^{\mathrm{e}}}(P_{0}, A)arrow \mathrm{H}\mathrm{o}\mathrm{m}(d_{1},A)\mathrm{H}\mathrm{o}\mathrm{m}_{A^{e}}(P_{1}, A)arrow \mathrm{H}\mathrm{o}\mathrm{m}(d_{0,}A)\mathrm{H}\mathrm{o}\mathrm{m}_{A^{\mathrm{e}}}(P_{0}, A)arrow \mathrm{H}\mathrm{o}\mathrm{m}(d_{1},A)$ . .







5.3 $d_{0}^{*}$ , $d_{1}^{*}$
$d_{1}^{*}(e_{i})=Xe_{i}-Xei-1$ for $ei\in e_{i}Ae:,$ $1\leq i\leq s$ ,
$d_{0}^{*}(Xe_{i})=X^{s}f’(X^{s})$ for $Xe_{i}\in e_{i+1}Ae_{i},$ $1\leq i\leq s$
$Z(A)$-homomorphisms . $f’(x)$ $f$ (x) .
4 $A$ Hochschild cohomology group :
$\mathrm{H}\mathrm{H}^{t}(A)\simeq\{$
$K[x]/(f(x))$ if $t=0$ ,
$\mathrm{A}\mathrm{n}\mathrm{n}_{K[x]/(f(x))}(xf’(x))$ if $t$ odd,
$K[x]/(xf’(x), f(x))$ if $t$ even.
. , 0 Hochschild cohomology ,
5.1 $\mathrm{H}\mathrm{H}^{0}(A)\simeq K[x]/$ ( $f$ (x)) .
5.2 ${\rm Im} d_{0}^{*}$ $\mathrm{K}\mathrm{e}\mathrm{r}d_{1}^{*}=Z(A)\simeq K[X^{s}]/$ ( $f$ (Xs)) $X^{s}f’(X^{s})$
. , ${\rm Im} d_{0}^{*}\simeq$ ( $X^{s}f’$ ($X^{s}$ ), $f($X$s)$ ) $/$ ($f($Xs)) . ,
$\mathrm{H}\mathrm{H}^{2}(A)\simeq \mathrm{K}\mathrm{e}\mathrm{r}d_{1}^{*}/{\rm Im} d_{0}^{*}$
$\simeq K[X^{\mathit{8}}]/$ ($X^{s}f’(X^{s}),$ $f($X$s$ ))
$\simeq K[x]/(xf’(x), f(x))$
.
, 5.2 , Z(A) U epimorphism :
$\psi$ $:\oplus^{s}ei+1Aei=1iarrow Z(A)$ ; $\sum_{=1}^{s}ziXei\mapsto\sum_{i=1}^{s}z_{i}$ .
, 5.2, 5.3
$\psi(\mathrm{K}\mathrm{e}\mathrm{r}d_{0}^{*})=\mathrm{A}\mathrm{n}\mathrm{n}_{Z(A)}(X^{s}f’(X^{s}))$ , ${\rm Im} d_{1}^{*}=\mathrm{K}\mathrm{e}\mathrm{r}\psi$
. ,





$K$ $K$ [x] :
. $K$ , $t\geq 1$ , K[x]-
$\mathrm{H}\mathrm{H}^{t}(A)\simeq K[x]/(xf’(x), f(x))$
.
1. $K$ , $f(x)=x-1$ ,
$\mathrm{H}\mathrm{H}^{0}(A)\simeq K[x]/(x- 1)$ $\simeq K$, $\mathrm{H}\mathrm{H}^{t}(A)=0$ $(t\geq 1)$
.




$\mathrm{i}\mathrm{f}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}K\parallel n,(t\geq 1)\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}K|n,(t\geq 1)$
.
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